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Abstract: The famous Enestrom-Kakeya Theorem states that a polynomial P(z) =
Z?:o a;7* with real positive coefficients satisfying 0<ag < a; < ... < a,, has all its
zeros in |z| < 1. Various generalizations of this result are available in the literature.
In this paper we put certain restrictions on the real and imaginary parts of the co-
efficients of a polynomial and find annular regions containing all the zeros of the
polynomial. Our results generalize many results already known in the literature.
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1. Introduction

Finding zeros of a polynomial is a long-standing classical problem [4-8]. Many
results are available concerning the location of zeros of a polynomial of a complex
variable with complex coefficients. It is an interesting area of research for engineers
as well as mathematicians. Here we establish annular regions in which zeros of
complex polynomial lie by placing various conditions on the real and imaginary
parts of the complex coefficients of a given polynomial. Now we make use of the
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most classical result of Enestrom-Kakeya Theorem namely Theorem A [1, 3].

Theorem A. [1, 3] Let P(z) = >, a;z" be a polynomial of degree n such that
0<ag < ay < ...<an_1 < ay,. Then all the zeros of P(z) lie in |z| < 1.

A. Joyal | G. Labelle and Q. I. Rahman [2] obtained the following generalization,
by considering the coefficients to be real, instead of being only positive.

Theorem B. Let P(z) =Y " a;z" be a polynomial of degree n such that
ap < a; < ... < ay_1 < ay,. Then all the zeros of P(z) lie in |z| < ﬁ{an—ao+|ao\}.
By using the above results we establish the following generalizations.

Theorem 1. Let P(z) = Y."  a;z" be a polynomial of degree n with complex
coefficients. If Re(a;) = a;, Im(a;) = f; fori = 0,1,2,...,n and for some t >
0,l < n,m < n, ag > tag > tag > ... > t" tay > oy, < "o, <
o St gy Sy, and By >ty > PPy > L > B > 18 < B <

< "B, < "B, then all the zeros of P(z) lie in Ry < |z| < Ry, where
R1 = min{tilg—ald,t}, Bl = t(a/o + 50) — 2(tm+1am + tlJrl/Bl) + thrl(Oén + ﬁn + |6Ln|)
and Ry = max{‘f—j‘,% ,

By = |ao|t™™ + " ap + Bo) + t(an + Br) — (1 + )" ™ Loy, +t"771B)

m—1 -1 n—1 n—1
FA=) D T g+ Y B+ @ =D ) T e Y B
i=1 =1 i=m+1 i=l+1

Corollary 1. Let P(z) = Y. a;z" be a polynomial of degree n with complex
coefficients. If Re(a;) = «;, Im(a;) = p; fori = 0,1,2,....,n and for some | <
n,m<n,

Q> 22 2y 2Oy S Q1 S S S, and

Bo=B12P22 .2 P12 B < Bip1 < oo < Bt < B,
then all the zeros of P(z) lie in

|ao]

(o + Bo) = 2(am + Br) + (o + Bn + |an|)

|ao| + (0 + Bo) + (o + Bn) = 2(am + )
|an|

<z <

Corollary 2. Let P(z) = > a;2" be a polynomial of degree n with real coeffi-
cients such that for some t > 0,m < n and, ay > ta; > t2as > ... > t" ta,,_ >
t"a, < t"a, < ... < t"la, 1 < t"a,. Then all the zeros of P(z) lie in
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Rs < |z| < Ry, where R3 = mm{t'aOI t} Bs = ag — 2t™a,, + t"(a, + |a,|) and

Ry = mcm:{‘a L 3, By = alt"™ + t"ag + ta, — (1 + )t ta, + (1 —
m—1 ,p—i— n—i—

tz)[Zzl t ! ]+(t2_1)|:21 m-l—lt 1’}‘

Remark 1. By taking t=1 in Theorem 1, it reduces to Corollary 1.

Remark 2. By taking B = 0 in Theorem 1, it reduces to Corollary 2.

Theorem 2. Let P(z) = Y.©  a;z" be a polynomial of degree n with complex

coefficients. If Re(a;) = o, Im(a;) = p; for i = 0,1,2,....,n and for some

t>0,0<nm<n, ag >ty > tas > . >t" o, > ", < " Mlag, <

<t oy <ty and By <t < PPy < L < TGy < B > B >
> " 16,1 > "B, then all the zeros of P(z) lie in Sy < |z| < S,

where Sy = min{tz‘ao‘,t}, Cy = t(ag—Bo) —2(t"™ vy, =t B) +t" T (v, — B+ |an )

1
t

and Sy = max{‘a £

C2 = |ao It"“+( —ﬁo>t"*1+( —5n)t—(1+t2)(t"*m*1 _tnfmﬁ)

1—t2 Ztnzl Ztnllﬁz Ztnzl Ztnll/ﬁl

i=m-+1 i=l+1

Corollary 3. Let P(z) = Y. ja;z" be a polynomial of degree n with complex
coefficients. If Re(a;) = «;, Im(a;) = B; fori = 0,1,2,....n and for some | <
n,m<n,

) > Q1 >0 > . 2 Q1 2 Oy < g1 < oS S, and

Po<B << .. .<Ba<BZBl41>..2Pua12 b
then all the zeros of P(z) lie in

|aol
(o — Bo) — 2(am — B1) + (n — B + |an])
|a0| + (OZ() - BO) + (an - Bn) - 2(am - BZ)

|an|

<zl <

Remark 3. By taking t=1 in Theorem 2, it reduces to Corollary 3.
By rearranging coefficients in Theorem 1 and Theorem 2 we get the following
results.

Theorem 3. Let P(z)
coefficients. If Re(a;) =

= Zl a;z" be a polynomial of degree n with complex
«;, ( i) = Bi fori =0,1,2,...,n and for some t >
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0,l <n,m < n, ap < tag <ty < .o <t oy, < Ty, > "o, >
"y > g, and By >ty > 2Py > > IR > 6 < B <
t" 1B, 1 < "By, then all the zeros of P(z) lie in Ty < |z| < T,

2
where Ty = min{ 5% t}, Dy = (Bo—ap)t+2(t™ a, — 1 8) "+ (0 — B — | )

D2 1
\an|’t Y

IN IV

and Ty, = max{

D = |ao|t"™*" + (fo — ag)t" ! = (an = Bu)t + (L + ) (""" ey — "7 )

m—1 -1 n—1 n—1
+(t2 . 1) [ Z tnfiflai o Z tnfiflﬂi] + (1 _ t2)[ Z tnfiflai o Z tnfiflﬁi] )
i=1 i=1 i=m+1 i=l+1

Corollary 4. Let P(z) = Y. a;z" be a polynomial of degree n with complex
coefficients. If Re(a;) = «;, Im(a;) = p; fori = 0,1,2,....,n and for some | <
n,m<n,

ap <o << Lo Loy > Qg1 2 21 2> and

Bo=Pr1=2B22 .. 28126 < Bit1 <o < Bt < B,

then all the zeros of P(z) lie in

|ao|
(60 - Oé()) =+ Z(Oém - 5[) - (an - Bn - ‘an’)
|ao] — (a0 — Bo) — (an — Bn) + 2(m — By)

<z < .
|an|

Corollary 5. Let P(z) = >, a;z" be a polynomial of degree n with real coefficients
such that for somet > 0,m < n and ag < ta; < t?2as < ... < t" a1 < t"a,, >
" a0 > > " a, > t"a,. Then all the zeros of P(z) lie in Ty < |z| < Ty,

where Ty = mz’n{”DL;j',t}, D3 = 2t™a,, — ag + t"(Jan| — a,) and Ty = max{%,% ,

Dy =|ag|t"™ — apt" ! — ta, + (1 4+t q,,

m—1 n—1
+ (=D ]+ (-2 D T a).
i=1 i=m+1

Remark 4. By taking t=1 in Theorem 3, it reduces to Corollary 4.
Remark 5. By taking B = 0 in Theorem 3, it reduces to Corollary 5.
2. Proof of the Theorems

Proof of Theorem 1. Let P(z) = a,2" +a,_12" ' +...+ a1z +ag be a polynomial
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of degree n with complex coefficients such that Re(a;) = o, Im(a;) = f; for
i=0,1,2,...n
Then consider the polynomial

Q(z) = (t = 2)P(2)

= tay + Z(tai —aj_1)2" — ap2™t!
i=1
= tag — Fi(2), say
On |z| =t,

IF(2)] < D [ta; — aia |t + |ag| ™
i=1

S zm:(OéZ 1 — tOéZt + Z tOéZ Qi 1 t +Z ﬂz 1= tﬁl)

=1 i=m-+1
- Z (tBi — Bi )t + |an |t
i=l+1
= t(ag + Bo) — 2™ ey, + T B) + 1 (ap, + B+ |an))
== Bl-

Applying Schwarz lemma [9, 168] to Fi(z), we get |F(2)] < BlTMfor |z| <t,
which implies |Q(2)| = [tag — Fl( )| > tlag| — |Fi(2)| > tlao| — BITM for |z| <t
Hence, if |z|< Ry = m’m{t [ao] ,t} then Q(z) # 0 and so P(z) # 0.
Next we show that P(z) # 0 for |z|> Ro.
For this, we again consider

Q(z) = (t—2)P(z) = tag+ >, (ta; — 1)2 —a,2"" = Fy(z ) — a2t say.
Then |2"Fy(1)| = |tagz" + 31, (ta; — az_l) [ and
on |z| =t,

|an2( )| <t|a0|t”—|—2|tal i |t

=1

m n
S |(lo‘tn+1 + Z(Ozi_l — tozi)t"_i + Z (toz, - Oéi_l)tn_i
i=1 i=m+1

! n
+ Z(ﬁz’—l - tﬁi)tn_i + Z (tﬁz _ Bz'—l)tn_i

i=1 i=l+1
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= Jao[t"™ + " Hao + Bo) + tlom + Ba) — (L+ )" v + "7 B)

m—1 -1 n—1 n—1
A=) D T+ Y T+ (=) Y T g+ Y ]
=1 =1 i=m-+1 i=l+1

= DB,.
Hence it follows by the Maximum Modulus theorem [9, p.165] that

1
|2"Fy(=)| < By for |z] <,
z

which implies
|F2(2)| < Bof2]" for |2] >

~ | =

From this it follows that
Q(2)] = |Fa(2) — anz""|
> Jagl |2 = Bul2]" for |2] > 7.
= |2["(lanl|z] = Ba).
Thus if |z|> Ry = maz {22, 1}, then Q(z) # 0 and hence P(z) # 0.
This completes the proo# a(# rléheorem 1.

Proof of Theorem 2.

Let P(z) = ap2" + an_12" ' + ... + a1z + ap be a polynomial of degree n with
complex coefficients such that Re(a;) = oy, Im(a;) = f; fori =0,1,2,...,n.
Then consider the polynomial

Q(z) = (t = 2)P(2)

= tag + Z(tai —a; 1)z — ap, 2"t = tag — Fy(2) say.
i—1
On |z| =t,

n
[F(2)] <) Jtas — aia |t + |an |t
1

2

n
(Oéi_l — tozz)tz + Z (tOéZ - Oéi_l)ti
1 i=m+1

l n

+Y (B = Bt + > (B — B+ Jag |t

i=1 i=l+1

M

(2
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= t(OZO — 50> — Q(tm+104m — tH_lﬂl) + tn+1(06n — 6,,1 -+ |an|) = Ol'

Again applying Schwarz lemma [9, 168] to Fi(z), we get |Fi(z)] < ClTMfor |z| <t,
which implies |Q(2)| = [tag — Fi(2)| > tlag| — |F1(2)| > t|ao| — ClTM for |z| <t
Hence, if |z|< S = mz’n{tilj—alo‘,t} then Q(z) # 0 and so P(z) # 0.
Next we show that P(z) # 0 for |z|> Ss.
For this, we again consider
Q(z) = (t — 2)P(z) = tag + > i (ta; — a;i—1)z" — ap,z2"t = Fy(2) — 2™ say.
Then

1 - 4
nF _ — t n t i — i n—1 ,
="y ()] = [taoz" + ;:1( a; — a;—1)2""'|
and on |z| = t,

2" Fy(— )| < t]a0|t”+2|taz—az e

=1
< ]a0|t"+1 + Z(Oﬁfl — t()éi)tnii + Z (tOéi — Oéi,1>tn7i
i=1 i=m+1
l
Z(tﬁz ﬁz 1 tn Z+ Z B@ 1 _tﬁz)tn ‘
i=1 i=l+1

= |CL |tn+1 + ( o ﬁo)tnfl + ( . ﬁn)t . (1 + t2)(tn7m71 . tnililﬁ)

1—t2 Ztnll Ztnzlﬁz Ztnzl Ztnllﬁz

i=m+1 i=l+1

- 02.
Hence it follows by the maximum modulus theorem [9, p.165] that
|2"" Fy(— )| < Cy for|z| <,

which implies
1
[F2(2)] < Cal2|" for [z] = -
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From this we conclude that

Q(2)] = |Fa(2) — anz""|
1
> |an|[2["" = Gl for |2 > —,

= 2" (lanl|z] = C2).

Thus if |2[> Sy = maz{;£%, 1}, then Q(z) # 0 and hence P(z) # 0.

fan] ©

This completes the proof of Theorem 2.
Proof of Theorem 3 is similar to the Proof of Theorem 1 and Theorem 2.

1]
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